Measurement of continuous-variable quantum entanglement relies on homodyne detection, a quantum measurement process which is insensitive to classical noise such as detector's dark currents and amplifier's thermal electronic noise. However, homodyne detection is sensitive to vacuum quantum noise coupled in through losses resulted from many factors such as detector's quantum efficiency and homodyne efficiency. In this paper, we analyze a new measurement scheme that employs a high gain parametric amplifier to tackle the vacuum quantum noise from losses so that we can measure the quantum entanglement in a way that is insensitive to the losses at detection. Such an amplifierassisted measurement scheme should find wide applications in quantum information and quantum metrology involving measurement of continuous variables.
I. INTRODUCTION
Quantum entanglement is a resource for quantum information science and quantum metrology. From the very beginning, it was realized that entanglement can be used for quantum state teleportation [1] [2] [3] [4] [5] and quantum key distributions [6] . Recently, it was shown that entanglement can be applied to interferometers for the enhancement of sensitivity in phase measurement [7] [8] [9] and even multi-parameter measurement [10] [11] [12] [13] .
Generally, there are two types of quantum entanglement that rely on two different measurement techniques: the photon counting technique for discrete-variable entanglement and homodyne detection for continuousvariable entanglement. While photon counting technique usually is not sensitive to losses during the measurement process, quantum fields measured by homodyne detection of is prone to losses such as quantum efficiency of detectors and homodyne efficiency due to mis-alignment between signal field and the local oscillator. This severely limits the applications of quantum entanglement with continuous variables. So the quantum advantage is often hampered by losses in homodyne detection. As a result, the observed quantum effect is smaller than what is anticipated.
Homodyne detection technique utilizes a strong local oscillator (LO) to increase the photon-currents at photodetectors, effectively amplifying the weak input signal to a level that is otherwise buried in the classical noise such as detector's dark current, thermal electronic noise of current amplifiers and ambient background light. However, it cannot do much against quantum vacuum noise that is coupled in through losses. In this paper, we follow * xiaoyingli@tju.edu.cn † zheyuou@tju.edu.cn similarly the idea of amplification to tackle the unwanted vacuum quantum noise in the measurement of quantum entanglement by homodyne detection. We adopt a new measurement scheme that employs a parametric amplifier to amplify noiselessly the input entangled fields to a level much higher than vacuum noise before detection. In this way, the vacuum noise coupled in through losses will be negligible, leading to loss-tolerant nature of the new measurement scheme. Such an idea was first adopted by Flurin et al. to overcome the huge classical electronic noise in microwave detection [14] . Here, we generalize this idea to different cases and even cover the vacuum quantum noise. The rest of paper is organized as follows. We first briefly review the traditional homodyne detection measurement of entanglement in Sect. II. Then we introduce the new measurement scheme with the assistant of a parametric amplifier in Sect. III. We analyze the effect of losses in Sect. IV. Finally, we summarize and discuss our results in Sect. V.
II. QUANTUM ENTANGLEMENT AND ITS DIRECT JOINT MEASUREMENT BY HOMODYNE DETECTION
We first briefly review the conventional method for the measurement of quantum entanglement of continuous variables between two fieldsâ 1 andâ 2 . As shown in Fig.  1(a) , the measurement is usually realized by using two homodyne detectors (HD 1 and HD 2 ). Each HD consists of a 50/50 beam splitter (BS) and two detectors (D1 and D2). When the phase between the local oscillator (LO) and the detected field is set to 0 or π/2, the difference between the photocurrents of D1 and D2 gives the measurement of the quadrature-phase amplitudesX 1,2 orŶ 1,2 defined byX 1,2 =â 1,2 +â whereâ † 1,2 andâ 1,2 are the creation and annihilation operators of the two optical fields. From the joint measurement of two HDs, we obtain the difference and sum of the quadrature amplitudes asX − ≡X 1 −X 2 and Y + ≡Ŷ 1 +Ŷ 2 . Quadrature quantum entanglement of the two fields is characterized by using the inseparability criterion I ≡ [18] . Here, the number 1 at right hand side of the criterion inequality is simply the value when the two fields are in vacuum. Since vacuum noise level is also known as the shot noise level (SNL). We evaluate the inseparability quantity I and compare the value with its corresponding SNL value I SN L = 1.
In general, due to asymmetric correlation relations between entangled fields, the noise variance of two entangled fields are different, that is,
In this case, we consider the weighted joint measurement quantities ofX
corresponding to the case when the fieldsâ 1 andâ 2 are in vacuum. So the modified inseparability is
with the optimum parameter k for minimizing I (k) . The entanglement criterion is then I (k) < 1 [19] . Again, the right hand side of the inequality corresponds to the value when both detected field of HD 1 and HD 2 are in vacuum.
As an example, let us consider the entangled fields generated from a parametric amplifier source (PAs). It is known that such fields exhibit the Einstein-PodolskyRosen (EPR)-type quantum entanglement in continuous variables [16, 17] . The input and output fields of the parametric amplifier are labeled asâ in 1 ,â in 2 andâ 1 ,â 2 , respectively (see details in Fig. 1(b) ). Ideally, the inputoutput relations of the parametric amplifier are given bŷ
where µ, ν are the amplitude gains of the PAs with µ 2 − ν 2 = 1. One of the input field, say,â in 1 is usually in a weak coherent state and the other inputâ in 2 is in vacuum. From Eq. (2), we find the modified inseparability as
with k = 1. Note that I (k) = I P As = 1/(µ+ν) 2 < 1, confirming the quantum entanglement property for the two fields from the parametric amplifier. The smaller I (k) is as compared to unity, the more entangled the two fields are. When µ, ν → ∞, we have I (k) → 0, which means the two fields are perfectly correlated and completely entangled.
However, this entanglement is very fragile and is vulnerable to losses, which can be modeled as beam splitter with some reflectivity L, as shown in dashed lines in Fig.  1(a) . For generality, we assume the two output fields suffer different losses of L 1 , L 2 , respectively. Taking the fieldâ 1 as an example, the operator of the detected field is given by:â
, wherev 1 is the vacuum field coupled into the detected field through the non-ideal transmissivity. Replace theâ 1,2 in Eq. (1) witĥ a ′ 1,2 , and after some calculations, it is straightforward to find the minimized value
. As
. So in practice, losses are the factors that limit how small the inseparability I (k) ′ can be measured. What happens is that vacuum quantum noise is coupled in through the loss channels and mixed with the signal and thus reduces the quantum correlation required for quantum entanglement. In a real experiment, losses in the detection process are inevitable so the measured inseparability I (k) ′ is higher than true value I (k) before detection. Losses in detection show up in many different forms such as mode mismatch, less-than-unit quantum efficiencies of the detectors, etc. Next, we will introduce a method to overcome the effect of detection losses.
III. ENTANGLEMENT MEASUREMENT USING A PARAMETRIC AMPLIFIER ASSISTED HOMODYNE DETECTION
Before we proceed, let us note that in homodyne detection, a local oscillator (LO) is used to beat with the signal (see Fig. 1(a) ). One of the roles of the LO is to amplify the otherwise weak input signal and to raise the level of the detected optical field so that the photo-current of D1/D2 is much larger than the detectors' electronic noise, which is originated from the dark current and amplifier's thermal noise. Recently, T. Li et al. demonstrated a scheme using a phase-sensitive amplifier pre-amplifying one mode of a two-mode squeezed state to improve the measurement of quantum correlation in the presence of detection losses [15] . Here we take full advantage of the two ideas to overcome the vacuum quantum noise due to losses in EPR measurement.
Consider placing another parametric amplifier before the homodyne detectors to amplify the two entangled fields, as shown in Figs. 2 and 5. The input-output relations for the parametric amplifier are similar to Eq. (2). So, if the two inputs of the PA are all coupled to the two entangled fields as shown, there is no open port for vacuum noise addition. The quantum behavior of the input fields will pass to the output without the loss of fidelity. In the meanwhile, the outputs are amplified and have a noise level much higher than the vacuum quantum noise level if the gain is large enough and the effect of coupling losses is negligible.
In this section, we will discuss the individual measurement and joint measurement schemes of entanglement with the aid of a parametric amplifier. Moreover, in order to find out the optimum operation condition of the measurement scheme, we will analyze the effect of gain property of PA and asymmetric cases of EPR source on the measured result. Let us first consider the results from direct homodyne measurement at the outputs of the parametric amplifier.
with the amplitude gains denoted as G, g (G 2 − g 2 = 1). Here, we introduce a π-phase in g, which means the PA is operating at deamplification condition [20] . In this case, the noise fluctuations measured at each output port are at the minimum for all quadrature phase angles [21] .
where gain of PA satisfies the relation: k ≡ g/G < 1.
According to the Eq. (6), we find each output of PA measure the amplitude difference of the two input fields, giving rise directly to the jointly measurement quantities X
+ . The SN L corresponds to the case when the inputs to the PA are in vacuum as
The corresponding quantities in outportâ out 2
are similar except that we need to switch g and G and k = G/g > 1. So, depending on if k < 1 or k > 1, we can make direct measurement of ∆
at the outputs of the amplifier and obtain
where g are chosen to have the proper value for k to minimize I (k) . Note that for the symmetric case of k = 1, we need G, g → ∞. As an example, we consider the entangled fields directly from a parametric amplifier source, as discussed in Sect. II. According to the Eqs. (2) and (5), we have after some straightforward calculations
For large gain of G, g → ∞, I amp → (µ − ν) 2 = I P As , which is exactly the inseparability I . In the calculation, we assume the entanglement is directly generated from the EPR source in Fig. 1(b) , and the entanglement is symmetric (k = 1). Traces (i), (ii) and (iii) are obtained by substituting ν = 0, 0.8, 1.5 into Eq. (9). I (k) at different levels (dashed lines) are obtained by substituting ν = 0, 0.8, 1.5 into Eq. (3).
source, we plot I amp in Eq. (9) as a function of g for various values of ν (solid lines), as shown in Fig. 3 . In the calculation, ν = 0.5, 0.8, 1.5. As g increases, the solid curves smoothly approach to the dashed lines, which correspond to the values of I (k) = I P As , obtained from Eq. (3) in Sect.II, for the ideal cases that are directly from the PAs.
For the more general asymmetric case with k = 1, we consider an entangled source from a PAs which suffers some uneven losses modeled as two beam splitters of transmissivity T 1 , T 2 , respectively, as shown in Fig. 1(b) . Note that we have already obtained the inseparability I (k) for this source, which is exactly the quantity I (k) ′ in Eq. (4) for the case with losses in Sect. II. But we need to make changes of L 1 = 1 − T 1 , L 2 = 1 − T 2 for this source. To see if we can recover this quantity with the amplifier assisted HDs detection scheme in Fig. 2 , we replaceâ 1,2 byâ ′ 1,2 with the transmissivity as T 1,2 , and calculate the output noise in Eq. (6) and quantities I (1,2) amp given in Eq. (8) . After some calculations, we obtain
(10)
amp has the same form but the switch of T 1 ↔ T 2 . In  Fig. 4 , we plot I 
As can be seen, I
(1) amp can always reach I (k) for some value of g (arrows in Fig. 4) for trace (i)-(iii). Note that in the case shown in Fig. 4 , we choose T 1 ≤ T 2 , which gives the k-values calculated from Eq. (4) always smaller than one. For the cases with k > 1, I
(1) amp can't reach I (k) shown as the trace (iv) in Fig. 4 . We need I (2) amp , which has the same shape as I (1) amp shown in Fig. 4 but with the switch of T 1 ↔ T 2 . as a function of g for entangled state with different inseparability I (k) . In the calculation, we assume the entanglement is directly generated from the EPR source in Fig. 1(b) , and the entanglement is asymmetric (k = 1). Traces 5), we find that the inputs are transferred to the outputs without adding extra noise. We expect that the outputs contain all the information about the inputs and recover fully the inseparability I (k) of the inputs. Therefore, we consider the joint measurement quantities of PA outputŝ
, which scheme is shown in Fig. 5 .
We calculate the noise variances of joint measurement as where k ≡ (g + λG)/(G + λg) and λ is a parameter to minimize normalized noise variance. The SN L corresponds to the case when the inputs to the amplifier are in vacuum is given by
So, we have the normalized joint quantity
where the superscript JM stands for joint measurement. For arbitrary g, we can always find a proper λ = (kG − g)/(G − kg) to give the optimized k for minimizing I (k) . Therefore, we can measure the input inseparability I (k) in the joint measurement of the outputs at an arbitrary gain of the amplifier.
IV. EFFECT OF LOSSES ON ENTANGLEMENT MEASUREMENT BY HOMODYNE DETECTION WITH THE AID OF A PARAMETRIC AMPLIFIER A. Losses at detection
In Sect. II, we have seen the detrimental effect of losses on the quantum entanglement directly measured by the homodyne detectors. Next, we will see how the parametric amplifier that we introduced in the previous section can reduce the effect of losses during detection process.
The detection losses can be modeled as beam splitters between the parametric amplifier and the homodyne detectors, shown in Fig. 2 . For simplicity without loss of generality, we assume the detection losses of the two output fields are L D . Then the measured output noise levels of the amplifier are
where we use Eq. (6) and assume the unused input ports of the beam splitters are in vacuum and thus bring in vacuum noise. The corresponding shot noise level is changed to ∆
The inseparability quantity defined in Eq. (8) becomes
2 ≫ 1 and k ≈ 1, we can drop the last term in Eq. (14), which is the vacuum contribution coupled through loss and I ′ amp ≈ I (k) . So when the gain g is large, we can still recover the inseparability quantity I (k) of the input even in the presence of losses at the detection.
For the entangled fields from a parametric amplifier discussed in Sect.II, we find
In Fig. 6 , we plot the I ′ measured by the direct joint measurement scheme with detection losses (dot dashed line) increases quickly, however, I ′ amp is still close to I (k) = I P As (dashed line) at large gain for relatively obvious loss. Note that the large value of I ′ amp at small g is because in this case, the outputs are mostly the inputs which are each in a thermal state and have quite large amplified vacuum noise. So, we really need g ≫ 1 for PA assisted scheme to work.
For the asymmetric case with k much different from 1, the above argument fails because it requires small g due to k = g/G or G/g. So, we consider next the joint measurement quantities. In the presence of detection losses, the joint measurement are changed to: In the simulation, we assume the entanglement is directly generated from the EPR source in Fig. 1(b) , and the inseparability of the EPR source is I (k) = 0.172 and k = 1 (represented by dashed line). The solid and the dot lines are obtained by using Eq. (16) , in which ν = 1 is fixed while g is equal to 2 and 5, respectively.
with the corresponding quantities at SNL as ∆ 2 (X
JM amp ′ defined with the quantities above will approach I JM amp which can become I (k) with proper value of λ. But to see how the approach works, we consider the entangled fields discussed in Sect. II as an example. We find for such input fields
where we set λ = 1. The quantity I
JM amp
′ as a function of the gain g at different detection loss conditions for the scheme above is shown in Fig. 7 . It can be seen that at large enough gain g, I
JM amp ′ approaches to I (k) = I P As , the inseparability quantity at the input, different from the dot dashed line when the gain is g = 0, which is I (k) ′ of the direct joint measurement scheme.
Thus, the scheme with the aid of a parametric amplifier can mitigate the negative effect of losses during detection process, including detection losses of detectors and mode mismatch between the signal field and the local oscillator.
B. Losses due to inefficient coupling to the amplifier
For the losses before the amplifier, on the other hand, the introduction of the parametric amplifier is not useful because these losses have had negative effects on the In the simulation, we assume the entanglement is directly generated from the EPR source in Fig.  1(b) , and the inseparability of the EPR source is I (k) = 0.172 and k = 1 (represented by dashed line). The other three lines are obtained by using Eq. (18) , in which ν = 1 is fixed while g is equal to 0, 2 and 5, respectively. inseparability quantity I (k) even before the amplifier, as shown in Eq. (4) in Sect. II. What the amplifier sees is already degraded by the losses.
Because of this, it is crucial for the input fields to have a good coupling efficiency into the amplifier. Anything not coupled into the amplifier is equivalent to losses for the input fields before the amplifier and the measurement scheme with the amplifier cannot overcome them.
V. CONCLUSION
We proposed a novel measurement scheme of quantum entanglement in which the employment of a high gain parametric amplifier can help to eliminate the detrimental effects of losses at detection on quantum entanglement and recover the original entanglement property before detection. But the proposed measurement scheme is not immune to the losses before the amplifier, which have already degraded the quantum entanglement.
Such a measurement scheme should be beneficial in areas such as quantum information and quantum metrology where entangled quantum states are used for performance enhancement. In fact, although we only discussed the noise measurement, it works equally well when signals are considered so that it can maintain the advantage of entangled sources for the enhancement of the signalto-noise ratio even in the presence of losses at detection [22, 23] .
